Abstract: This article deals with the computational modelling of the fatigue crack aspect ratio evolution in embedded, surface, and corner cracks located in finite-thickness plates under tensile fatigue. The approach is based on the Paris law for fatigue propagation and an expression for the stress intensity factor (SIF) provided by Newman and Raju. Numerical results indicate that the crack path develops in such a manner that all flaws tend to reach similar aspect ratios, i.e., a preferential crack path does exist along which there is a one-to-one relationship between the aspect ratio and the relative crack depth (a sort of master curve in the matter of fatigue crack path evolution). Such a reference curve corresponds to that of a very superficial initial flaw with almost circular shape. The convergence (quicker or slower approach between fatigue crack paths starting from different initial defects) is higher for surface flaws than for corner cracks, and quicker for the latter than for embedded discontinuities. Corner defects increase their size faster than surface cracks, and the latter do the same quicker than the embedded ones.
Introduction
The stress intensity factor (SIF) in cracked plates of finite thickness is very useful in fracture mechanics and damage tolerance approaches. SIF solutions for this geometry were provided by Newman and Raju in a classical paper [1] and more recently by other authors [2] [3] [4] . In plates with a surface crack under tension loading, the maximum SIF is reached at the crack center when the aspect ratio is lower than 0.6 and at the border when it is higher [5] . For embedded cracks, the maximum SIF is achieved near the free surface [6] . In the case of corner cracks, the highest values of the SIF occurred at the free surface along the width direction for cracks in which the depth is higher than the other dimension and at the free surface along the thickness direction for cracks in which the depth is lower than the other dimension [7] .
The crack front evolution for semielliptical cracks in plates was numerically analyzed [8] [9] [10] [11] [12] [13] through the Paris law [14] and the SIF, sometimes taking into account hypothetical crack closure effects on the SIF value [15] or using the root mean square (RMS) SIF (an integrated average of the SIF) [16] , considering only two points or a set of points over the crack front and assuming a pre-defined crack shape or with no shape constraints. A new finite element simulation technique using fatigue crack growth circles needs a small number of crack front increments [17] , while the conventional method requires several hundred increments to get accurate results. In [18] , a review is presented on 3D-FE adaptive remeshing techniques for crack growth modeling.
The existence of free surfaces has a great influence on crack advancement. Cracks tend to propagate reaching a constant SIF along their front (iso-K), but the free surface prevents this phenomenon [19] . Surface cracks in plates tend to propagate following a preferential cracking path [8, 13] which depends on the kind of loading applied on the specimen (tension or bending). The crack aspect ratio for a semi-elliptical surface crack in a pipe subjected to internal pressure is similar to that of a plate in tension [20] . For the same conditions, corner cracks grow quicker than surface flaws, and surface flaws more rapidly than embedded cracks [21] . In the case of surface or corner cracks near semicircular notches or holes, results of the SIF exhibit higher values when the ratio of the notch (or hole) radius to the plate thickness increases [22] [23] [24] so that cracks emanating from stress areas such as notches or holes advance by fatigue at a higher rate near the stress concentrator than they do far from it.
This article deals with the computational modelling of the fatigue crack aspect ratio evolution in embedded, surface, and corner cracks located in finite-thickness plates under tensile fatigue. The approach is based on the Paris law for fatigue propagation and an expression for the SIF provided by Newman and Raju. To fill the gap existing in the scientific literature, a comparison of the preferential propagation path, the dimensionless SIF evolution, and the number of cycles required for propagation between the three case studies needs to be performed.
Numerical Modelling
A computer program in Java programming language was developed to study the propagation path of elliptical embedded cracks, semi-elliptical surface cracks, and quarter-elliptical corner cracks on the cross section of a plate ( Figure 1 ) subjected to fatigue (cyclic) loading in the form of remote uniform tension (under Mode-I loading conditions). The plate has a finite thickness; the height and the width are large enough to avoid any influence of the boundary on the SIF value. The crack front was characterized as an ellipse of semiaxes a (crack depth) and b (crack length), see Figure 1 , and a specific point p over the crack front is determined by the angular parameter φ as a function of the relationship between the semiaxes a and b (Figure 2 The crack front was characterized as an ellipse of semiaxes a (crack depth) and b (crack length), see Figure 1 , and a specific point p over the crack front is determined by the angular parameter φ as a function of the relationship between the semiaxes a and b (Figure 2 ). 
Stress Intensity Factor (SIF)
The SIFs used were those obtained by Newman and Raju [1] by a three-dimensional (3D) finite element analysis and the nodal-force method. These authors adjusted their results to an equation that calculates the SIF K:
where the function Q is the shape factor for an ellipse (given by the square of the complete elliptic integral of the second kind) and depends on the aspect ratio a/b as follows:
F is a function of the parameters: a/b (crack aspect ratio, see Figure 1 ), a/t (relative crack depth, see Figure 1 ), and φ the angle representing the specific position at the crack front (see Figure 2 ). The function F is different depending on if the crack is embedded, surface, or corner-type and is calculated by means of the expression,
where the parameters M1, M2, M3, g, and fφ are obtained through the equations in Appendix A. In Table 1 the ranges are given of the variables a/b, a/t, and φ for which the Equations in Appendix A are valid for the calculation of the SIF in an embedded, surface, or corner crack placed in a plate subjected to tensile cyclic loading. Table 1 . Applicability ranges for the equations by Newman and Raju [1] .
Parameters

Configuration Embedded Crack
Surface Crack Corner Crack 
Stress Intensity Factor (SIF)
where the parameters M 1 , M 2 , M 3 , g, and f φ are obtained through the equations in Appendix A. In Table 1 the ranges are given of the variables a/b, a/t, and φ for which the Equations in Appendix A are valid for the calculation of the SIF in an embedded, surface, or corner crack placed in a plate subjected to tensile cyclic loading. Table 1 . Applicability ranges for the equations by Newman and Raju [1] .
Parameters
Configuration
Embedded Crack
Surface Crack Corner Crack
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Crack Front Evolution
The basic hypothesis of this modelling is the assumption that the crack front can be characterized as an ellipse (see characteristic dimensions in Figure 1 ) and that fatigue propagation takes place in a direction perpendicular to such a front, following the Paris law [14] ,
The fatigue process uncertainties eliminate any advantages of using a fatigue crack growth law that is more complex and has more material parameters than the Paris law, cf. [25] .
To discretize the crack front, modelled in an elliptical way, it was divided into z segments of equal length using the Simpson's rule. Subsequently, each of the points i was moved perpendicularly to the crack front, in accordance with the Paris law, so that the maximum crack increase, ∆a(max), corresponding to the point of the maximum SIF (maximum parameter F, F(max)) was kept constant during the whole computation. From this maximum increase ∆a(max) and the SIF, the advance ∆a i of each of the front points can be obtained as:
The new points, fitted by the method of least squares to minimize the error, form a new ellipse, as described elsewhere [26] , so that the crack advance progress is repeated iteratively up to reaching the required relative crack depth. The ranges of the used variables were as follows: 0.2 ≤ a/b ≤ 2, 0.02 < a/t < 1, and 0 ≤ φ ≤ π/2 (only a quarter of the ellipse was studied in the three cases due to the symmetry exhibited by both the embedded and the surface cracks). Parameters z and ∆a(max) were determined by a study of convergence to find out the most adequate values to obtain a reliable result (z = 12 and ∆a(max) = 0.00001t).
The number of cycles N required for fatigue crack propagation can be calculated, from the Paris law given by Equation (5), with the expression,
where a 0 and a f are, respectively, the initial and final crack depth. The dimensionless number of cycles n necessary for fatigue crack propagation is obtained through the following expression (on the basis of the trapezoidal rule),
Numerical Results
Figures 3-5 show the crack propagation (a/b-a/t) curves for embedded, surface, and corner cracks placed in a plate under tension, with different initial geometry defined by (a/t) 0 and (a/b) 0 , and for distinct materials represented by the exponent m of the Paris law (values m = 2, 3, and 4 were used in this paper). In one of the curves of Figure 3a , a dot is used to signal the initial geometry of the crack ((a/t) 0 = 0.1, (a/b) 0 = 0.2) and arrows are placed over the curve to indicate the sense of growth.
The crack advance from different initial geometries tends towards a preferential propagation path, it being consistent with previous research [8] . In the present paper, such a preferential path is linked to a very shallow initial crack with quasi-circular front, the convergence (closeness between curves) being higher for surface cracks than for corner flaws, and higher for the latter than for those embedded in Figure 6 shows the preferential propagation path for the three analyzed configurations and for Paris exponents m = 2, 3, and 4. For embedded cracks, the preferential path exhibits values of the aspect ratio higher than 1, they being close to 1 up to a depth a/t = 0.4, and slightly increases with the relative crack depth for a/t > 0.4. For surface and corner cracks such a preferential path presents Appl. Sci. 2017, 7, 746 8 of 13 aspect ratios lower than 1, which diminish along with the relative crack depth. The Paris coefficient m raises the preferential plot a/b-a/t for embedded cracks when a/t > 0.4 and lowers it for surface and corner flaws (this trend being valid for the whole range of a/t). Figure 6 shows the preferential propagation path for the three analyzed configurations and for Paris exponents m = 2, 3, and 4. For embedded cracks, the preferential path exhibits values of the aspect ratio higher than 1, they being close to 1 up to a depth a/t = 0.4, and slightly increases with the relative crack depth for a/t > 0.4. For surface and corner cracks such a preferential path presents aspect ratios lower than 1, which diminish along with the relative crack depth. The Paris coefficient m raises the preferential plot a/b-a/t for embedded cracks when a/t > 0.4 and lowers it for surface and corner flaws (this trend being valid for the whole range of a/t). The embedded defects in infinite solids under fatigue tend towards an iso-K state [27] , but the free surface (front, back, and lateral side) of the plate ensures that the iso-K state is not reached for the preferential crack path.
Discussion
In the matter of the preferential cracking path, Figure 7 plots the dimensionless SIF K/(σ(πa) 1/2 ) at three points of the crack front: points A and B (one of them always exhibiting the maximum SIF along the crack front) and an intermediate point. The latter corresponds to the half-length between the points A and B for the case of the embedded cracks (Figure 7a ) and is associated with the minimum SIF over the crack front for the surface cracks (Figure 7b ) and for the corner-type cracks (Figure 7c ). The maximum dimensionless SIF over the crack front is higher in the case of corner cracks, intermediate for surface flaws, and lower for embedded defects. The exponent m of the Paris law makes the SIF decrease for the embedded case, whereas for the case of surface and corner cracks, it makes the SIF increase.
The embedded cracks exhibit approximately the same SIF over the crack front, up to a/t ~ 0.4, from which the SIF diminishes continuously along the crack front (from a maximum value in A to a minimum in B). For surface cracks, the maximum SIF is achieved at point B (where the crack intersects the surface) and the minimum SIF at an intermediate point in such a manner that the SIF diminishes along the crack front when the point shifts away from the surface and increases along such a front when the point approaches the center. In the case of corner cracks, the shallower ones (with small depth) present the maximum SIF at point A (with close values in A and B) and the deeper ones exhibit that maximum SIF at point B. The minimum SIF for these cracks is achieved in an intermediate point over the crack front.
The crack growth rate for the preferential crack path (Figure 8 ) is higher for the corner configuration than for the surface crack, and higher for the latter than for the embedded defect (in the same conditions). The dimensionless number of cycles n increases with the exponent m of the Paris law. The most dangerous situations are those for plates under tension with corner cracks inside because they exhibit quicker propagation rates and higher maximum SIFs. The embedded defects in infinite solids under fatigue tend towards an iso-K state [27] , but the free surface (front, back, and lateral side) of the plate ensures that the iso-K state is not reached for the preferential crack path.
The embedded cracks exhibit approximately the same SIF over the crack front, up to a/t~0.4, from which the SIF diminishes continuously along the crack front (from a maximum value in A to a minimum in B). For surface cracks, the maximum SIF is achieved at point B (where the crack intersects the surface) and the minimum SIF at an intermediate point in such a manner that the SIF diminishes along the crack front when the point shifts away from the surface and increases along such a front when the point approaches the center. In the case of corner cracks, the shallower ones (with small depth) present the maximum SIF at point A (with close values in A and B) and the deeper ones exhibit that maximum SIF at point B. The minimum SIF for these cracks is achieved in an intermediate point over the crack front.
The crack growth rate for the preferential crack path (Figure 8 ) is higher for the corner configuration than for the surface crack, and higher for the latter than for the embedded defect (in the same conditions). The dimensionless number of cycles n increases with the exponent m of the Paris law. The most dangerous situations are those for plates under tension with corner cracks inside because they exhibit quicker propagation rates and higher maximum SIFs. Appl 
Conclusions
Fatigue growth of elliptical-shape cracks in plates subjected to remote tension takes place by approaching a preferential cracking path corresponding to a very shallow quasi-circular initial crack. The convergence (closeness between propagation curves starting from different initial geometries) is quicker for surface cracks than for corner ones, and faster for the latter than for embedded ones.
In the matter of the preferential cracking paths:
(i) Those paths associated with embedded cracks exhibit aspect ratios higher than 1 and increase with the crack depth, while they are lower than 1 and diminish with the crack depth in the case of surface and corner cracks. Both the crack propagation rate and the maximum stress intensity factor (SIF) are higher for the case of corner cracks than for surface ones, and higher for the latter than for the embedded defects.
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Conclusions
(i) Those paths associated with embedded cracks exhibit aspect ratios higher than 1 and increase with the crack depth, while they are lower than 1 and diminish with the crack depth in the case of surface and corner cracks. (ii) Any increase of the Paris exponent of the material leads to a decrease of the aspect ratio in the case of surface and corner cracks and, on the other hand, to an increase of it in the case of embedded flaws. (iii) Both the crack propagation rate and the maximum stress intensity factor (SIF) are higher for the case of corner cracks than for surface ones, and higher for the latter than for the embedded defects.
